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STENOSED ARTERY USING GENERALIZED BINGHAM PLASTIC F LUID MODEL

SAPNA RATAN SHAH

Department of Mathematics, Harcourt Butler Techgwal Institute, KanpyrUttar Pradesh, India

ABSTRACT

This mathematical model has been presented to dtuglyeffect of a stenosis shape on arterial bldod f
characteristics with the representation of bloodBiygham plastic fluid model. The governing equasioof proposed
model are solved and closed form expressions btbod flow characteristics, namely dimensionkesistance to flow,
flow rate and wall shear stress are derived. Itheen found that the wall shear stress and resistanflow increase with

increasing tube radius for constant value of teeadis height, while decreases as stenosis shapmgtar increases.
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INTRODUCTION

Atherosclerosis (ath-er-o-skler-O-sis) is a diseiasehich plaque (plak) builds up inside arteri@steries are
blood vessels that carry oxygen-rich blood to head other parts of the body. Plaque is made ufatpfcholesterol,
calcium, and other substances found in the bloagr @me, plaque hardens and narrows arteries. [irhits the flow of
oxygen-rich blood to organs and other parts of béddkerosclerosis can lead to serious problemsudtieg heart attack,
stroke, or even death. The study of blood flow digto mammalian circulatory system has been the subfescientific
research for about a couple of centuries. Like rnbghe problems of blood flow, it is complex ongedto the complicated
structure of blood, the circulatory system and rtlesinstituent materials. The experimental studies the theoretical
treatments of blood flow phenomena are very us&fulthe diagnosis of a number of cardiovasculaeakges and
development of pathological patterns in human omah physiology and for other clinical purposes goéctical
applications. It has been reported that the flyidagnical properties of blood flow through non-unifocross section of
the arteries play a major role in the fundamentalaustanding and treatment of many cardiovascut®ades. Several
researchers have studied the blood flow charatitsridue to the presence of a stenosis in the adperteries. Blood
behaves like a Newtonian fluid when it flows thrbugrger arteries at high shear rates, whereashiaves like a non-
Newtonian fluid when it flows through narrow artesiat low shear rates. In the region of narrowinegrial constriction,
the flow accelerates and consequently the velogigdient near the wall region is steeper due toirtlcesased core
velocity resulting in relatively large shear stress the wall even for a mild stenosis. The posggbithat the
haemodynamic factors play an important role in gemesis and proliferation of stenosis has attrattedinterest of
researchers to study blood flow through local adetgdns Young (1968); Young and Tsai (1973); Desigle et al.
(1976), Caro et al. (1978); Ahmed and Giddens (J;988 (1997) and others during the past few decadlasaccount of
the most of the theoretical and experimental ssjdieported so far, may be had from Young (1978yaStava (1996,
2002), Sarkar and Jayaraman (1998), Mishra and &¢2807), Mekheimer and Kot (2008), Srivastava Radtogi (2009,
2010), etc. The analysis of blood flow through aByetrically stenosed artery has been studied bghSeat al. (2009).
Sanyal and Maji (1999) investigated the unsteadgdlfflow through an indented tube in presenceariagdis. Chakravarty

and Datta (1990) performed rheological study ondffect of mild stenoses on the flow behavior aidd in a stenosed
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arterial segment. The various geometries of sterfuwie been suggested by the researchers.

1€ Normal antery

Figure 1: (A) Shows a Normal Artery with Normal Blood Flow
Figure (B) Shows an Artery with Plaque Buildup
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Figure 2: Stenotic Artery

The cosine-shaped geometry was considered andzadalyith different parameters by many researchikes |
Young (1968), Kapur (1985), Chakravarty (1987). Plosver-law and Casson fluid models with cosine-sdageometry
were discussed by Shukla et al. (1980). A compatisped geometry of arterial stenosis was suggesteédnvestigated
by Mekheimer (2008). The bell-shaped geometry wifferent fluids was discussed by Misra and ShX0@). In all of the

above studies the shape of stenosis was consittebedsymmetrical about the axis as well as radlidke flow cylinder.

The radially nonsymmetric stenosis has been andlggeSanyal and Maji (1999), Srivastava and Sax2889),
Srivastava (1996). The effects of shape of stermsige resistance to blood flow through an artexry been investigated
by Haldar (1985). Due to the presence of a newmeter the formulation of our model is mathematicatiore general

and includes the model of Haldar (1985) as a speage.

In the present mathematical model, we have stuaiptbblem in which blood flow has been consideredlly
non-symmetric but radially symmetric with mild stsed artery by introducing blood Bsigham plastic fluidnodel. The
effects of stenosis shape parameter on resistarft®at, apparent viscosity, stenosis size, yietéss, and stenosis length,
have investigated. The schematic diagram of the fogiven by Figure.1 and Figure.2.

Formulation of the Mathematical Model

We have considered an artery having mild stend$is.flow of blood is assumed to be steady, lamamat fully-
developed. Blood is taken asBingham plastic fluid It is assumed that stenosis is symmetrical abmitaxis but non-

symmetrical with respect to radial co-ordinatese Titmthematical expression for geometry can beesris,
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R(z)

=1- ALYz -d) - (z-d)"], d< z< d+ L )
0
=1, otherwise,
6 rnml(m-l)

A = - )
R,L" (m-1)

where

R : Radius of normal tube

R(2) : Radius of stenotic region

L : The length of the artery

Lo : The length of the stenosis

d . Distance between equispaced points

) : Maximum height of stenosi8 €< Ry)

m : Parameter determining the shape of stenosisZ)

Conservation Equation and Boundary Conditions

The equation of motion for laminar and incompredssibteady, fully-developed, one-dimensional flofbmod

whose viscosity varies along radial direction inaatery reduces to:

0o 0P, 10()
o r 0z )
0 0P
or

where (z, r) are co-ordinates with z measured albagxis and r measured normal to the axis oéttery.

The boundary conditions are introduced to solveatt®ve equations,

ou/or =0 atr=0, u=0 atr=R(z
t is finite atr=0 3)
P=R atz=0, PzP  atz=L

Bingham Plastic Fluid Model

For Bingham plastic fluidthe stress-strain relation is given by

_ du
t—qﬁu(-aj

dpr dpR @
where r:(-—p—j, r0=(-—p—Pj,
dz 2 dz 2
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u : axial velocity
9} : viscosity of fluid
(-dp/dz) : pressure gradient

Solution of the Problem

The expression for the velocity, u obtained assthlation of equation (2) subject to the boundargditions (3)
and equation (4), is obtained as (fgr<R < R(2))

u:-R—S% _R 2_ _r i +T0Ro _R ) _r _4R%/21‘0 __1£p1/2 _R 3/2- _r 32 o
4 dz| | R, Ry n LRy ) (R, u | 2udz R, R

The constant plug flow velocitypumay be obtained from equation (5) evaluated aRp.=

The volumetric flow rate Q can be defined as,

R R ( du
Q:j2nurdr:njr(——j dr, (6)
0 o\ dr

The flow flux, Q when Rp<< Ri.e., the radius of the plug flow region is vermpal as compared to the non-plug

flow region), is calculated as

1/2

o= Rimdo( RY', mon R)' 4R |7, 1 dp)( RY -
8u dz{ R, 3 | R, 7 ni 2ndz){ R,
nR* dp),,.
— ~“Ply), (8)
Q=1 -2

From above equation pressure gradient is writtefolbmwvs,

(_d_pj:%f(y) ©

dz) =R}
e e Ol

Integrating equation (9) using the condition (33 Pyat z =0 and P = Rat z = L. We have

aP=p - p =219 i dz (10)
R4 0(R(2)/Ro) " f(¥(2))

The resistance to flow is denotedgnd defined as follows,

PL-R (11)
Q

The resistance to flow from equation (11) usingagigus (10) is written as,

A=
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d+|_0
n=1-(LgrL)+(fL) | az (12)
° 1 R @R, ¥(2)
AR |1 1 dp 7
here §is given byf, = (RIR,)* +—2Z(R/R,) +—2 =1 Tl = 2P Ry
where § is given byf, ( o) 3M( o) 7 o 20z ( F{))
Following the apparent viscosity 4 is defined as follows;
_ 1 13)
“app - 4
(R(z)/RO) f(y)
The shearing stress at the wall can be defined as;
Tp =T+ (-%j (14)
R™ToTH dr .

RESULTS AND DISCUSSIONS

In order to have estimate of the quantitative éff@t various parameters involved in the analysimputer codes
were developed and to evaluate the analytical teslitained for resistance to blood flow, apparéstosity and wall
shear stress for normal and diseased system assbeidth stenosis due to the local deposition pfds have been

determine. The results are shown in Figure 3-7diyguthe values of parameter based on experimdatalin artery.
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Figure 3: Variatuin of Resistance to Flow with m
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Figure 4: Variation of Resistance to Flow with Stensis Length



102 Sapna Ratan Shah

12
m=2
10 A
(2] 4
@ a3
;E | m=0 A
3
24
S =10,
2 'M/
D T T T
a 0.1 n.2 0.3 0.4
Stenosis size

Figure 5: Variation of Wall Shear Stress with Stenesis Size for different Values of m

Figure 3 reveals the variation of resistance twf{d) with stenosis shape parameter (m) for differaaities of
stenosis sized(Ry). It is observed that the resistance to fldy decreases as stenosis shape parameter (m) ecr@ad
maximum resistance to flovk) occurs at (m = 2), i. e. in case of symmetrins$is. It has also been seen from this graph

that resistance to flow\] increases as stenosis sid#R() increases.

These results are therefore consisting to the resuMishra and Verma (2007). In Figure 4 the viéoia of
resistance to flowX) with stenosis length (L) for different values of stenosis siz&R,) has been shown. This figure

depicts that the resistance to flod) {ncreases as stenosis sidiR() and stenosis length ¢IL) increases.

These results are similar to the results of Sraxas1999). Figure 5 shows the variation of wadtahstresst)
with stenosis size for different values of stenatiape parameter (m). It may be observed fromithee that the wall

shear stresg)increases as stenosis size increases while desraa stenosis shape parameter (m) increases.

These results are consistent to the observatid@@hakravarty (1987). Figure 6 shows the variationvafl shear
stress ) with stenosis size for different values of steéadsngth (ly/L). It is clear from the figure that the wall shesdress
(1) increases as stenosis size and stenosis lerggdaBes. These results are consistent to the altiserof Haldar (1985).
The variation of apparent viscosity with stenosisgth (Ly/L) for different values of stenosis siz#R,) has been depicted
in Figure 7. This figure shows that the of appareéstosity increases as stenosis siR({) increases. This result is similar

to the results of Sanyal and Maji (1999).
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Figure 6: Variation of Wall Shear Stress with Steneis Size for Different Values of Stenosis Length
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Figure 7: Variation of Apparent Viscosity with Stenosis Length

Concluding Remarks

In his paper, we have studied the effect of stensisape parameter on resistance to blood flow, skalhr stress

and apparent viscosity in an artery by introduditgpd as Bingham plastic fluid model. It has beendatuded that the

resistance to blood flow, wall shear stress andhapy viscosity increases as stenosis size andssselength increases

while decreases as stenosis shape parameter iesre2s it has shown that the results were greaflyeinced by the

change of stenosis shape parameter. In an artewy; the viscosity of blood found to vary with thetesial radius

decreasing with it. This model helps for the peapteking in the field of physiological fluid dynans as well as to the

medical practitioners.
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